
ÌÌ191.
Ðàññìàòðèâàþòñÿ òðîéêè ÷èñåë a 6 b 6 c, íå ïðåâîñõîäÿùèõ

äàííîãî íàòóðàëüíîãî ÷èñëà n. Êàêèõ òðîåê áîëüøå, òåõ, êîòîðûå
ìîãóò áûòü äëèíàìè ñòîðîí íåêîòîðîãî òðåóãîëüíèêà, èëè

îñòàëüíûõ?

Ðåøåíèå.

Áîëüøå òåõ òðîåê, êîòîðûå ìîãóò áûòü äëèíàìè ñòîðîí

íåêîòîðîãî òðåóãîëüíèêà.

Íàéä¼ì ÷èñëîâûå çíà÷åíèÿ ïðè ìàëûõ n.
Óñëîâèå ñóùåñòâîâàíèÿ òèðåóãîëüíèêà a+ b > c
Ïóñòü îáùåå ÷èñëî òðîåê ïðè n = k: S(k), êîëè÷åñòâî òðîåê,

êîòîðûå ìîãóò áûòü äëèíàìè ñòîðîí íåêîòîðîãî òðåóãîëüíèêà

S1(k), à òåõ, êîòîðûå íå ìîãóò - S2(k), ∆(k) = S1(k)− S2(k).

n = 1, îäíà òðîéêà (1, 1, 1), S1(1) = 1, S2(1) = 0, ∆(1) = 1.
Ïðè n = 2 äîáàâÿòñÿ òàêèå íîâûå òðîéêè (1, 1, 2),(1, 2, 2),(2, 2, 2),

èç íèõ äâå ïîïàäàþò â ïåðâóþ ãðóïïó, à îäíà âî âòîðóþ, ò.å.
S(2) = 4, S1(2) = 3, S2(2) = 1, ∆(2) = 2.

Ïðè n = 3 äîáàâÿòñÿ 6 òðîåê ñ c = 3, S(3) = S(2) + 6 = 10,
èç íèõ 4 â ïåðâîé ãðóïïå (2, 2, 3),(1, 3, 3),(2, 3, 3), (3, 3, 3), à 2 âî
âòîðîé - (1, 1, 3),(1, 2, 3), òîãäà S1(3) = 3+4 = 7, S2(3) = 1+2 =
3, ∆(3) = 2 + (4− 2) = 4.

Ñëåäîâàòåëüíî, ñ ðîñòîì n çíà÷åíèÿ ∆(n) ìîíîòîííî âîçðàñòàþò.
Äîêàæåì ïî èíäóêöèè, áàçà óæå ïîêàçàíà. Ïóñòü ïðè n = k
óòâåðæäåíèå âûïîëíÿåòñÿ, â ÷àñòíîñòè, òîãäà S1(k) > S2(k),
ðàññìîòðèì ÷òî ïðîèñõîäèò ïðè ïåðåõîäå ê n = k+1, äîáàâÿòñÿ
òðîéêè ñ c = k+1, ïðè a = k+1 èìååì îäíó òðîéêó, ïðè a = k
äâå è ò.ä., ïðè a = 1 áóäåò k + 1 òðîéêà, âñåãî ïîÿâëÿåòñÿ

íîâûõ òðîåê

1 + 2 + 3 + ...+ k + (k + 1) =
(k + 1) (k + 2)

2
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Òåïåðü îïðåäåëèì, ñêîëüêî èç ýòèõ òðîåê îòíîñÿòñÿ ê êàæäîé

èç ãðóïï.
Ïðè a = 1 òðåóãîëüíèê ìîæíî ñîñòàâèòü èç îäíîé òðîéêè,

à èç k òðîåê íåëüçÿ. Ïðè a = 2, òðåóãîëüíèê ñîñòàâëÿåòñÿ èç
2 òðîåê, à íåëüçÿ ñîñòàâèòü èç k − 2 è ò.ä. äî a = [(k + 1) /2].
À åñëè ðàññìàòðèâàòü òðîéêè íà÷èíàÿ ñ äðóãîé ñòîðîíû, òî
òðåóãîëüíèêè ìîæíî ñîñòàâèòü èç âñåõ òàêèõ òðîåê: ïðè a =
k + 1 ïîëó÷àåì îäíó òàêóþ òðîéêó, ïðè a = k - äâå è ò.ä.

Òîãäà, ïðè k = 2p êîëè÷åñòâî òðîåê âòîðîãî òèïà (íåëüçÿ
ñîñòàâèòü) áóäåò ðàâíî

2 + 4 + ...+ (2p− 2) + 2p =
2 + 2p

2
p = p (p+ 1)

à ïðè k = 2p+ 1

1 + 3 + ...+ (2p− 1) + (2p+ 1) =
1 + 2p+ 1

2
(p+ 1) = (p+ 1)2

Êîëè÷åñòâî òðîåê, èç êîòîðûõ ìîæíî ñîñòàâèòü òðåóãîëüíèêè:
- ïðè k = 2p

1+2+...+p+(p+ 1)+p+...+2+1 = 2· 1 + p

2
·p+(p+ 1) = (p+ 1)2

- ïðè k = 2p+ 1

1+2+...+p+(p+ 1)+(p+ 1)+p+...+2+1 = 2·1 + p+ 1

2
·(p+ 1) = (p+ 1) (p+ 2)

Òîãäà êîãäà êîëè÷åñòâî òðîåê ïåðâîãî òèïà áîëüøå êîëè÷åñòâà

òðîåê âòîðîãî íà:
- ïðè k = 2p

(p+ 1)2 − p (p+ 1) = p+ 1

- ïðè k = 2p+ 1

(p+ 1) (p+ 2)− (p+ 1)2 = p+ 1

Óòâåðæäåíèå äîêàçàíî.
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Íàéä¼ì ÷èñëîâûå çíà÷åíèÿ è íåêîòîðûå ñîîòíîøåíèÿ.

S (n) =
n · (n+ 1) · (n+ 2)

6

S1 (2p+ 1) =
(p+ 1) · (p+ 2) · (4p+ 3)

6

S1 (2p) =
p · (p+ 1) · (4p+ 5)

6
èëè

S1 (n) =

[
(n+ 1) · (n+ 3) · (2n+ 1)

24

]
S2 (n) = S1 (n− 1)

∆(n) =

[
(n+ 1)2

4

]

Èíòåðåñíî òàêæå íàéòè âåðîÿòíîñòè òîãî, ÷òî èç ÷èñåë
íàóãàä âçÿòîé òðîéêè ìîæíî (èëè íåëüçÿ) ñîñòàâèòü òðåóãîëüíèê
- ïðè íåîãðàíè÷åííîì ðîñòå n.

lim
n→∞

S1 (n)

S (n)
= lim

n→∞

S2 (n)

S (n)
=

1

2

Â òàêîì æå âåðîÿòíîñòíîì ñìûñëå ìîæíî ðàññìàòðèâàòü

òðîéêè óæå íå íàòóðàëüíûõ, à âåùåñòâåííûõ (ïîëîæèòåëüíûõ)
÷èñåë. Â ýòîì ñëó÷àå ìîæíî ðåøèòü ãðàôè÷åñêè.

Ðàññìîòðèì êóá nXnXn, íà÷àëî êîîðäèíàò â îäíîé èç âåðøèí,
ð¼áðà êåóáà ëåæàò íà îñÿõ êîîðäèíàò (èëè ïàðàëëåëüíû èì),
ñíà÷àëà áåç ó÷¼òà îãðàíè÷åíèé a 6 b 6 c, èñõîäíûå òðîéêè
÷èñåë çàïîëíÿþò âåñü îáú¼ì äàííîãî êóáà, ò.å. îáú¼ì n3. Ñðåäè
íèõ òðîêè ÷èñåë, êîòîðûå íå óäîâëåòâîðÿþò íåðàâåíñòâó òðåóãîëüíèêà,
ðàñïîëîæåíû â îäíîé èç òð¼õ ïèðàìèä. Ñëåäîâàòåëüíî, òðîéêè
÷èñåë, èç êîòîðûõ ìîæíî ñîñòàâèòü òðåóãîëüíèê, áóäóò íàõîäèòñÿ

âíóòðè ôèãóðû, îñòàâøåéñÿ ïîñëå �îòðåçàíèÿ� îò êóáà ýòèõ

òð¼õ (ïîïàðíî íå ïåðåñåêàþùèõñÿ) ïèðàìèä, âîò êàê íà ýòîì

ðèñóíêå.
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Îáú¼ì êàæäîé ïèðàìèäû ðàâåí n3/6, òîãäà âåðîÿòíîñòü òîãî,
÷òî èç ÷èñåë íàóãàä âçÿòîé òðîéêè ìîæíî (èëè íåëüçÿ) ñîñòàâèòü
òðåóãîëüíèê

p =
3n3/6

n3
=

1

2

Òåïåðü ó÷ò¼ì îãðàíè÷åíèÿ çàäà÷è a 6 b 6 c, ÷åðò¼æ ñòàíîâèòñÿ

ìåíåå íàãëÿäíûì

íî íà èñêîìóþ âåðîÿòíîñòü ýòî íå ïîâëèÿåò p = 0, 5
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